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a b s t r a c t
Assume we have a set of k colors and we assign an arbitrary subset of these colors to each
vertex of a graph G. If we require that each vertex to which an empty set is assigned has
in its neighborhood all k colors, then this assignment is called a k-rainbow dominating
function of G. The corresponding invariant γrk(G), which is the minimum sum of numbers
of assigned colors over all vertices of G, is called the k-rainbow domination number of
G. B. Brešar and T.K. Šumenjak [On the 2-rainbow domination in graphs, Discrete Appl.
Math. 155 (2007) 2394–2400] showed that d 4n5 e ≤ γr2(P(n, k)) ≤ n for any generalized
Petersen graph P(n, k), where n and k are relatively prime numbers. And they proposed
the question: Is γr2(P(n, 3)) = n for all n ≥ 7 where n is not divisible by 3? In this
note, we show that γr2(P(n, 3)) ≤ n − 1 for all n ≥ 13. Moreover, we show that
γr2(P(n, 3)) ≤ n − b n8 c + β , where β = 0 for n ≡ 0, 2, 4, 5, 6, 7, 13, 14, 15 (mod 16)
and β = 1 for n ≡ 1, 3, 8, 9, 10, 11, 12 (mod 16).
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let G = (V , E) be a finite, simple and undirected graph, where V and E are the vertex and edge sets of G, respectively. For
standard graph theory terminology not given here we refer to [7]. For a vertex x ∈ V , the open neighborhood N(v) of vertex
v consists of vertices adjacent to v, i.e., N(v) = {u ∈ V | (u, v) ∈ E}, and the closed neighborhood of v is N[v] = {v} ∪ N(v).
Let C = {1, 2, . . . , k} be a set of k colors, and f be a function that assigns to each vertex a set of colors chosen from C ,
that is, f : V (G) 7−→ P (C). If for each vertex v ∈ V (G) such that f (v) = ∅we have⋃
u∈N(v)
f (u) = C
then f is called a k-rainbow dominating function (kRDF) of G. The weight , w(f ), of a function f is defined as w(f ) =
Σv∈V (G)|f (v)|. Given a graph G, the minimum weight of a kRDF is called the k-rainbow domination number of G, which
is denoted by γrk(G). Clearly when k = 1 this concept coincides with the ordinary domination.
For each n and k (n > 2k), the generalized Petersen graph P(n, k), defined by Watkins [9], is a graph with vertex set
{ui, vi | 0 ≤ i ≤ n− 1} and edge set {uiui+1, uivi, vivi+k | 0 ≤ i ≤ n− 1, subscripts modulo n}.
Brešar, Henning and Rall [2,3] initiated the study of k-rainbow domination of a graph G and showed that this parameter
coincides with the ordinary domination of the Cartesian product of Gwith the complete graph Kk, that is, γrk(G) = γ (GKk).
In [4], Brešar and Kraner Šumenjak showed that the 2-rainbow domination problem is NP-complete, and determined the
exact values of paths, cycles and suns. For any generalized Petersen graph P(n, k), where n and k are relatively prime
numbers, k < n, they showed that d 4n5 e ≤ γr2(P(n, k)) ≤ n. They proposed the following question.
Question 2. Is γr2(P(n, 3)) = n for all n ≥ 7 where n is not divisible by 3?
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Fig. 1. A 2RDF of weight 12 of P(13, 3).
Recently, domination and its variations on the class of generalized Petersen graph have been studied extensively
[1,5,6,10,8,11]. In this note, we answer Question 2 by showing that γr2(P(n, 3)) ≤ n − 1 for any n ≥ 13. Moreover,
we show that γr2(P(n, 3)) ≤ n − b n8c + β , where β = 0 for n ≡ 0, 2, 4, 5, 6, 7, 13, 14, 15 (mod 16) and β = 1 for
n ≡ 1, 3, 8, 9, 10, 11, 12 (mod 16).
2. Main results
In [4], it was shown that for any relatively prime numbers n and k (k < n), the 2-rainbow domination number of P(n, k)
is bounded above by n. However, there is a minor flaw in its proof. In Case 2 of the proof, where k is even, n is odd and n
and k are relatively prime. It is easy to find some instances which contradict Case 2.1, 2.2 and 2.3. For example, the instance
(n, k) = (39, 8) (thus n ≡ 3 mod 4, d = b nk c = 4, however, n = dk + 7 6= dk + 3) contradicts Case 2.1. One can verify
that (n, k) = (53, 10) and (n, k) = (41, 6) contradict Case 2.1 and 2.2 respectively. In fact, the proof to Case 2 can be easily
corrected by considering P(n, n− k) as in Case 1, since P(n, n− k) ∼= P(n, k) and n− k is odd.
We next show that γr2(P(n, 3)) ≤ n− 1 for any n ≥ 13 (n can be divided by 3).
Theorem 2.1. For n ≥ 13, we have γr2(P(n, 3)) ≤ n− 1.
Proof. Clearly for the proof it suffices to construct a 2RDF of P(n, 3) of weight n− 1.
As in [4], we use two lines to denote a 2RDF, where in the first line there are values of vertices {u0, . . . , un−1}, and in the
second line of the vertices of {v0, . . . , vn−1}, such that ui lies above vi for all i. We use 0, 1, 2 and 3 to denote subsets ∅, {1},
{2} and {1, 2}, respectively.
For n ≥ 13, if n is odd, let (see Fig. 1 for the case of P(13, 3))
0 1 0 1 0 0 3 0 0 2 0 2 0 . . . 2 0 2 0 2 0
2 0 2 0 2 0 0 0 1 0 1 0 1 . . . 0 1 0 1 0 1
if n is even, let (see Fig. 2 for the case of P(16, 3))
0 1 0 1 0 0 3 0 0 2 0 2 0 2 . . . 0 2 0 2 0 2
2 0 2 0 2 0 0 0 1 0 1 0 1 0 . . . 1 0 1 0 1 0
One can easily observe that the function defined above is a 2RDF, and is of weight n− 1. 
By a more sophisticated construction, the upper bound n− 1 for γr2(P(n, 3)) can be further improved.
Theorem 2.2. For n ≥ 13, we have
γr2(P(n, 3)) ≤

n− bn
8
c, if n ≡ 0, 2, 4, 5, 6, 7, 13, 14, 15 (mod 16);
n− bn
8
c + 1, if n ≡ 1, 3, 8, 9, 10, 11, 12 (mod 16).
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Fig. 2. A 2RDF of weight 15 of P(16, 3).
Proof. Similar as the above proof, we shall construct a 2RDFwith desiredweight for each case.We distinguish the following
cases:
Case 1. n ≡ 0 (mod 16):
0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 . . . 0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0
2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 . . . 2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0
Case 2. n ≡ 1 (mod 16):
0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 . . . 0 1 0 1 0 0 3 0 0 2 0 2 0 2 0 2 0
2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 . . . 2 0 2 0 2 0 0 0 1 0 1 0 1 0 1 0 1
Case 3. n ≡ 2 (mod 16):
0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 . . . 0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 0 1
2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 . . . 2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 2 0
Case 4. n ≡ 3 (mod 16):
0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 . . . 0 1 0 1 0 0 3 0 0 2 0 2 0 2 0 2 0 2 0
2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 . . . 2 0 2 0 2 0 0 0 1 0 1 0 1 0 1 0 1 0 1
Case 5. n ≡ 4 (mod 16):
0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 . . . 0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 0 1 0 1
2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 . . . 2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 2 0 2 0
Case 6. n ≡ 5 (mod 16):
0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 . . . 0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 0 1 0 1 0
2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 . . . 2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 2 0 2 0 2
Case 7. n ≡ 6 (mod 16):
0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 . . . 0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 0 1 0 1 0 1
2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 . . . 2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 2 0 2 0 2 0
Case 8. n ≡ 7 (mod 16):
0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 . . . 0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 0 1 0 1 0 1 0
2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 . . . 2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 2 0 2 0 2 0 2
Case 9. n ≡ 8 (mod 16):
0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 . . . 0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 0 1 0 1 0 1 0 1
2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 . . . 2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 2 0 2 0 2 0 2 0
Case 10. n ≡ 9 (mod 16):
0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 . . . 0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 0 1 0 1 0 1 0 1 0
2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 . . . 2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 2 0 2 0 2 0 2 0 2
Case 11. n ≡ 10 (mod 16):
0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 . . . 0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 0 1 0 1 0 1 0 1 0 1
2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 . . . 2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 2 0 2 0 2 0 2 0 2 0
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Case 12. n ≡ 11 (mod 16):
0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 . . . 0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 0 1 0 1 0 1 0 1 0 1 0
2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 . . . 2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 2 0 2 0 2 0 2 0 2 0 2
Case 13. n ≡ 12 (mod 16):
0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 . . . 0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 0 1 0 1 0 1 0 1 0 1 0 1
2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 . . . 2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 2 0 2 0 2 0 2 0 2 0 2 0
Case 14. n ≡ 13 (mod 16):
0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 . . . 0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 0 1 0 1 0 0 3 0 0 2 0 2 0
2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 . . . 2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 2 0 2 0 2 0 0 0 1 0 1 0 1
Case 15. n ≡ 14 (mod 16):
0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 . . . 0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 0 1 0 1 0 0 3 0 0 2 0 2 0 2
2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 . . . 2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 2 0 2 0 2 0 0 0 1 0 1 0 1 0
Case 16. n ≡ 15 (mod 16):
0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 . . . 0 1 0 1 0 0 3 0 0 2 0 2 0 0 3 0 0 1 0 1 0 0 3 0 0 2 0 2 0 2 0
2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 . . . 2 0 2 0 2 0 0 0 1 0 1 0 1 0 0 0 2 0 2 0 2 0 0 0 1 0 1 0 1 0 1
In each case, one can check that the function above is a 2RDF, and is of weight n− b n8c for n ≡ 0, 2, 4, 5, 6, 7, 13, 14, 15
(mod 16) and weight n− b n8c + 1 for n ≡ 1, 3, 8, 9, 10, 11, 12 (mod 16). Thus, the result follows. 
Remark. With the help of Matlab,1 we have computed the value γr2(P(n, 3)) for all 7 ≤ n ≤ 37, and these values are
exactly equal to the upper bounds in Theorem 2.2. We strongly suspect that γr2(P(n, 3)) = n− b n8c + β , where β = 0 for
n ≡ 0, 2, 4, 5, 6, 7, 13, 14, 15 (mod 16) and β = 1 for n ≡ 1, 3, 8, 9, 10, 11, 12 (mod 16).
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